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Crack bridging by discontinuous ﬁbers can make brittle materials tougher by transferring
stresses from the crack tip to elsewhere in the matrix material. One important aspect of
crack bridging is the nature of the interface between the ﬁbers and the matrix material.
In this paper, a two-dimensional numerical model of bridging a Mode I loaded crack by lin-
ear elastic discontinuous platelets is developed for two different types of interfaces. The
ﬁrst type is a perfectly bonded interface. The second type is an imperfect interface
described as a stick–slip interface. A shear-lag model to predict platelet pullout is devel-
oped in detail to verify the numerical implementation of the stick–slip interface. An exam-
ple of a crack tip bridged by a platelet is examined for both interfaces. The perfectly bonded
interface will reduce the Stress Intensity Factor (SIF) of the crack greatly but introduces
new stress concentrations at the platelet ends. The stick–slip interface can be tailored to
also reduce the SIF while not introducing new stress concentrations.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Many brittle materials are made tougher by adding second phase materials such as discontinuous ﬁbers. This added
toughness is the result of crack bridging by these second phase materials. Crack bridging reduces the Stress Intensity Factor
(SIF) of the crack and transfers stresses elsewhere in the material. It is this transfer of stress that results in the formation of
many small width cracks rather than one large width crack. This process of distributing deformation throughout the com-
posite is vital for toughening brittle materials.
One important class of composites that have achieved success in making brittle materials tougher with discontinuous
ﬁbers is Engineered Cementitious Composites (ECCs). By taking a micromechanical approach to composite design, ECCs have
been shown to develop distributed deformation under tensile loading (Li, 2003; Li, 1993). It has been shown that the
complementary energy of the bridged cracks is an important indicator as to whether or not distributed deformation will
occur (Li and Wu, 1992; Marshall and Cox, 1988). This complementary energy is based on a crack bridging law of the
composite, which is in turn based on the properties of the ﬁber, the matrix, and the interface.
While complementary energy is an important indicator for distributed deformation it does provide knowledge of the
stress distributions near the embedded ends of the ﬁbers. This is highly dependent on the interface. Much attention, in
the form of experimental studies, has been paid to modifying the interface properties between the matrix and the ﬁber rein-
forcement (Redon et al., 2001; Kanda and Li, 1998). However, there is a lack of understanding of the effect the interface has
on the stresses in the matrix material, particularly at the ends of the ﬁbers.. All rights reserved.
nborn).
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through thickness platelets bridging a two-dimensional crack are studied since ﬁbers cannot easily be represented in a pla-
nar geometry. Though there exist crack bridging models that approximate the bridging by individual ﬁbers as a continuous
closing traction applied to the crack surface, such as in Marshall and Cox (1988), we will explore a discrete numerical model
of crack bridging to observe what happens to the stresses in the surrounding matrix. A comparison of discrete and contin-
uous models for crack-bridging (Carpinteri and Massabó, 1997) has shown both models produce similar macroscopic behav-
iors. Discrete modeling of random ﬁbers reinforcing a brittle matrix has been achieved with lattice models that use Voronoi
tessellation for the matrix and Delaunay tessellation for a spring or beam network (Bolander and Saito, 1997; Bolander and
Saito, 1998; Bolander and Sukumar, 2005). This paper will develop a model similar to those Voronoi cell models but based in
a standard Finite Element (FE) framework. Also, a method of explicitly representing the interface between the platelet and
the matrix is developed.
This paper ﬁrst describes the two different types of interfaces to be used; a perfectly bonded interface and a stick–slip
interface. An analytical shear-lag model is developed to describe the pullout of a platelet with the stick–slip interface. Next
the implementation of both interfaces into a FE model is described and the numerical stick–slip pullout is checked against
the analytical model. Both interfaces are then implemented into a FE model for bridging of a Mode I crack.
Finally, results from the two different interfaces are compared. The most important result found is that the perfectly
bonded interface introduces new stress concentrations at the ends of the platelets under certain conditions. The matrix
may fail at these stress concentrations leading to a composite having a lower toughness than predicted. This phenomenon
has been observed experimentally (Kanda and Li, 2006). It is referred to as plug pullout phenomenon, shown in Fig. 1. Plug
pullout phenomenon occurs when groups of ﬁbers act together to pullout a portion of the matrix separated from the rest of
the matrix near the ends of the ﬁbers. The stick–slip interface is found to avoid the creation of these extra stress concentra-
tions while still signiﬁcantly reducing the SIF of the main crack.
2. Description of perfectly bonded and stick–slip interfaces
The ﬁrst type of interface considered is the perfectly bonded interface. A perfectly bonded interface requires that the
deformations in the matrix and ﬁber be equal at the interface along the length of the ﬁber. This assumption is applicable
to a composite system in which the matrix cracks under much lower stresses than any occurrence of interface failure. In
other words, relative to the matrix, the interface is very strong.
The second type of interface that will be considered in this paper is the stick–slip interface. The stick–slip interface will be
based on a one-dimensional shear-lag model with a simple assumed relationship between the local slip, S(x), and the local
shear stress s(x) at any point x along the interface. The local slip is deﬁned as the difference between the platelet displace-
ment, dp, and the matrix displacement, dm, at a point x along the interface.SðxÞ ¼ dpðxÞ  dmðxÞ ð1Þ
In shear-lag models all of the stress is assumed to be transferred from the ﬁber to the matrix through a very thin interface
layer that can only carry shear stress. This model is applicable if the strains normal to the ﬁber are much smaller than the
strains parallel to the ﬁber. Therefore, the displacements in Eq. 1 are only deﬁned parallel to the ﬁber. Many models exist
describing the force-displacement or stress-slip relationship for the pullout of ﬁbers (Carpinteri et al., 2006; Leung and Li,
1991; Naaman et al., 1991A). Fig. 2 shows the assumed relationship between S(x) and s(x) for any point x on the interfaceFig. 1. Schematic of plug pullout.
Fig. 2. Assumed relationship between local shear stress and local slip.
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bond modulus j. The interface can carry a maximum shear stress, smax, at which the bond between the ﬁber and matrix fails.
Upon further slip the interface enters the ‘‘slip” regime which is controlled by the frictional shear stress sf. It is understood
that the use of a constant frictional shear stress greatly simpliﬁes the real slip behavior. Since the strains perpendicular to the
ﬁber are ignored any changes on the frictional stress due to deformations in the perpendicular direction are ignored. The use
of a constant frictional shear stress also ignores any change in frictional shear stress due to degradation of the ﬁber, matrix,
or interface that may occur during slip. Thus the assumed relationship between S(x) and s(x) depends the three parameters:
j, smax, and sf. This assumed relationship was previously introduced in the work of Naaman et al. (1991A). In the limiting
case that j and smax approach inﬁnity the perfectly bonded interface is recovered. It should be noted that in both the inter-
faces described above no failure of the ﬁber, such as ﬁber rupture or yielding, is considered.
3. Derivation of stick–slip pullout equations
Pullout equations will be developed for the stick–slip interface. These will be used to validate the numerical stick–slip
interface presented later. Similar shear-lag models have been used to develop pullout equations of a ﬁber from a matrix
(Naaman et al., 1991A; Leung and Li, 1991). In Naaman et al. (1991A), there is an error in the pullout equations and only
one way slip regime formation is considered. In Leung and Li (1991), two way slip regime formation is considered but
the interface is essentially considered perfect until smax is reached.
First the geometry of the pullout specimen, as shown in Fig. 3, will be described. The specimen consists of a matrix mate-
rial of cross-sectional area Am and width w. Embedded in this matrix material is a platelet of initial length l, width w, and
thickness t, such that it has cross-sectional area Ap = wt. The perimeter per unit length of the platelet is, w = 2w. Prior to load-
ing, the free end of the platelet is aligned with the free end of the matrix. Distance along the platelet is measured from the
embedded end along the x axis as shown in Fig. 4. Under an applied load, P, the free end of the platelet will be displaced
relative to the matrix by an amount Dl. The embedded end of the platelet is assumed to have negligible end anchorage.
Using the assumed stick–slip relationship between s(x) and S(x), a similar procedure as used in Naaman et al. (1991A) is
followed. We begin by taking a force balance on an inﬁnitesimal segment of the platelet, leading to:dF ¼ swdx ð2Þ
where F is the force in the platelet. Eq. (2) can be rearranged to form:Fig. 3. Geometry of pullout specimen.
Fig. 4. Two-dimensional geometry of pullout specimen.
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dx
¼ sðxÞw ð3ÞEq. (3) holds along the entire length of the platelet; for both stick and slip zones.
Next, we deﬁne the following dimensionless parameters:Q ¼ 1þ AmEm
ApEp
ð4Þ
K ¼ wj
AmEm
ð5Þ
k ¼
ﬃﬃﬃﬃﬃﬃﬃ
KQ
p
ð6Þwhere Ep and Em are the Young’s moduli of the platelet and the matrix respectively.
Differentiation of Eq. (3) along with static equilibrium and use of the dimensionless parameters just deﬁned leads the fol-
lowing ordinary differential equation:d2F
dx2
 k2F ¼ KP ð7ÞEq. (7) holds only for the stick zone of the platelet. Eq. (7) can be solved by a function of the following form:FðxÞ ¼ PðA0 cosh kxþ B0 sinh kxþ 1=QÞ ð8Þ
Taking the derivative of F(x) using the relation in Eq. (3), the shear distribution along the interface is:dF
dx
1
w
¼ sðxÞ ¼ Pk
w
ðA0 sinh kxþ B0 cosh kxÞ ð9Þ3.1. Full stick pullout
For the case of a fully stuck plate, meaning the entire interface is within the stick regime, the force in the platelet should
be zero at the embedded end and P at the free end. Using these boundary conditions, the coefﬁcients A0 and B0 in Eq. (8)
become:A0 ¼  1Q
B0 ¼ 1þ
1
Q cosh kl1ð Þ
sinh kl
ð10ÞFig. 5. Schematic of force and shear stress distributions for fully stuck platelet.
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The slip in the interface can be found using the assumed relationship between S(x)and s(x) shown in Fig. 2. Since the
entire platelet is within the stuck regime Eq. (9) is used for s (x). The slip at the free end of the platelet Dl is:Dl ¼ SðlÞ ¼ 1wj
dF
dx

x¼l
ð11ÞSince the platelet is fully stuck, it is restricted along its entire length and not free to elongate elastically. In Eq. (11) only the
slip at the interface contributes to the slip at the free end. Upon subbing in the values for A0 and B0, Eq. (11) simpliﬁes to:Dl ¼ PkQwj
1þ ðQ  1Þ cosh kl
sinh kl
 
ð12ÞAs seen in Eq. (12) the end slip of the platelet, Dl, is a linear function of the applied load P for a fully stuck platelet.
The shear stress distribution,s(x), determined from Eq. (9) gives local maxima at the free and embedded ends of the plate-
let. By comparing the shear stress at x = 0 and x = l, the end that reaches smax ﬁrst can be determined. This is the end where
the slip regime is initiated. After some manipulation it can be shown that if the following is true:Q < 2 ð13Þ
then smax will be reached at the embedded end of the platelet ﬁrst. A slip zone will initiate from the embedded end of the
platelet. The loading at which it will initiate, Pcrit is:Pcrit ¼ smaxwk
1
B0
ð14ÞOtherwise if:Q > 2 ð15Þ
then the slip zone will initiate at the free end of the platelet and the loading at which it will initiate is:Pcrit ¼ smaxwk
1
A0 sinh klþ B0 cosh kl
 
ð16ÞFor the case of Q = 2, the slip zone will initiate simultaneously from both ends of the platelet and both expressions for Pcrit
will be equal.
3.2. Slip zone formation from free end, Q > 2
If Eq. (15) is true then once Pcrit is reached the slip regime will form from the free end of the platelet. Eq. (7) still holds for
the portion of the platelet that is still stuck while Eq. (3) holds for the entire platelet. The length of the slip zone of the plate-
let is denoted as l1. The force in the platelet can be represented by the following two equations:FbðxÞ ¼ PðA1 cosh kxþ B1 sinh kxþ 1=QÞ for 0 6 x 6 l l1 ð17Þ
Ff1 ðxÞ ¼ sfwðx lÞ þ P for l l1 < x 6 l ð18ÞEq. (17) is the force for the stuck zone of the platelet while Eq. (18) is the force in the slip zone. Since the shear stress in
the slip zone is constant Eq. (3) indicates that the force in the slip zone should be linear. Typical distributions of the force and
shear stress along the platelet are shown in Fig 6. In order to create the pullout curve, values of l1 between 0 and l must be
incrementally chosen. For each value of l1 the coefﬁcients A1 and B1, as well as the loading value P, can be solved by applyingFig. 6. Schematic of force and shear distributions for slip zone formation from free end.
Fig. 7. Schematic of force and shear distributions for slip zone formation from embedded end.
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as the sum of two terms. The ﬁrst term is the slip at the end of the stick zone, the second term is the change in slip along the
slip zone1. The change in slip accumulated along any portion a to b of the interface is deﬁned as:1 In N
consideSab ¼ dpðbÞ  dpðaÞ  fdmðbÞ  dmðaÞg ¼
Z b
a
fepðxÞ  emðxÞgdx ð19Þwhere ep(x) and em(x) are the local strains in the platelet and matrix, respectively. Eq. (19) can be simpliﬁed to:Sab ¼
Z b
a
Q
AmEm
FðxÞdx Pðb aÞ
AmEm
ð20ÞTherefore the total pullout at the free end of the platelet is:Dl ¼ 1wj
dFb
dx

x¼ll1
þ
Z l
ll1
Q
AmEm
Ff1 ðxÞdx
Pl1
AmEm
ð20ÞEach value of l1 will produce a unique value of P and Dl. For each value of l1 the shear stress at the embedded end must be
check to see if is still below smax. If it is not then two way slip zone formation will initiate.
3.3. Slip zone formation from embedded end, Q < 2
If Eq. (13) is true then a slip zone will initiate from the embedded end of the platelet once Pcrit has been reached. Again Eq.
(7) still holds for the stuck portion of the platelet while Eq. (3) holds for the entire plate. Let the slip zone length from the
embedded end of the platelet be l2 then the force in the platelet can be determined from the following:FbðxÞ ¼ PðA2 cosh kxþ B2 sinh kxþ 1=QÞ for l2 6 x 6 l ð21Þ
Ff2 ðxÞ ¼ sfwx for 0 6 x < l2 ð22ÞEq. (21) represents the force in the stick zone while Eq. (22) represents the force in the slip zone at the embedded end of
the platelet. Typical force and shear distributions for slip zone formation from the embedded end are shown in Fig. 7. Values
of l2 must be chosen incrementally. Applying the boundary conditions shown in Fig. 7 the values of the coefﬁcients A2,B2 and
the value of the load P can be solved for. Upon solving for A2, B2, and P, Eq. (3) may be used to solve for the pullout of the plate
at the free end.Dl ¼ 1wj
dFb
dx

x¼l
ð23ÞEach value of l2 will produce a unique P and Dl. The shear stress at the free end of the plate must be checked for each l2 to
make sure it is below smax. If it is not then two way slip zone formation will initiate.
3.4. Two way slip zone formation
As the length of the slip zone (l1 or l2) increases the shear stress at the stick end may reach smax. If this is the case, or if
Q = 2, then two way slip zone formation will initiate. If two way slip zone formation occurs, again Eq. (3) holds for the entire
platelet while Eq. (7) only holds for the portion of the plate that is still stuck. The force in the slip zone of the embedded end
is given by Eq. (22), and in the slip zone at the free end is given by Eq. (18). Typical force and shear distributions are shown inaaman et al. (1991A) expressions for Dl effectively neglect to include the instantaneous slip at the embedded end of the platelet. It is necessary to
r this instantaneous slip at the embedded end because this shear-lag model neglects any embedded end anchorage.
Fig. 8. Schematic of force and shear distributions for two way slip zone formation.
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Leung and Li (1991) the total slip zone length ld = l1 + l2 is chosen. Then P, l1, F(x) can be determined as:P ¼ sfwðl1 þ l2Þ  2smwk
1 ekl3
1þ ekl3
 
ð24Þ
l1 ¼ 1wsf P 1
1
Q
 
þ smw
k
1 ekl3
1þ ekl3
  
ð25Þ
FbðxÞ ¼ P  sfwl1 þ smwk
1
1þ ekl3 ð1 e
kðxðll1ÞÞ þ ekðl2xÞ  ekl3 Þ ð26ÞOnce these values are determined Eq. 20 can be used again to determine the end slip. The value of ld is incrementally in-
creased until the entire interface is in the slip regime. In Eqs. (20) and (23) only interface slip contributes to the free end slip.
For cases where there is a slip zone at the free end, Eq. (20), it is possible that the free end of the platelet may experience
some elastic elongation. In these equations Dl is assumed to be small enough such that elastic elongation in this portion of
the platelet can be neglected.
3.5. Full slip pullout
Once the slip zone has formed along the full length of the platelet dynamic slip of the platelet will occur. Denoting the end
slip accumulated until the onset of dynamic slip of the platelet as D0 and any further dynamic slip of the platelet as u, as
shown in Fig. 9, the free end force on the platelet can be determined as:P ¼ sfwðl uÞ ð27Þ
As noted in Kullaa (1998), the total slip at the end of the platelet can be written as the sum of the slip prior to dynamic
slip, a dynamic slip term, and an elastic elongation of portion of the platelet that is outside of the matrix. The slip at the free
end of the platelet becomes:Dl ¼ D0 þ uþ PuApEp ð28ÞAs stated earlier, this formulation assumes D0 is small and neglects any elastic elongation in that portion. It should be
noted that Eqs. (27) and (28) describe linear slip, where sf remains constant. Experimental evidence in ﬁber pullout tests
(Redon et al., 2001; Naaman et al., 1991B) show that sf changes as the ﬁber pulls out. This is a result of slip softening or slip
hardening, mechanisms which can greatly increase or decrease the work done during ﬁber pullout. The model developed
here does not account for any of these mechanisms. Additionally, one dimensional shear-lag debonding theory neglects Pois-Fig. 9. Notation for slipping platelet.
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Poisson’s ratio. In this case it is expected that the frictional stress would not be a constant since sf would vary depending on
the load. Finally, the expressions developed in this paper for pullout load and displacement will not hold if at anytime during
the pullout load is greater than the yielding load for the platelet.
All the necessary expressions for computing the pullout curve of a platelet embedded in a matrix of a given geometry and
interface described by j, smax, and sf have now been derived. A typical computed pullout curve is shown in Fig. 10. The pull-
out curves must be computed numerically as values of l1, l2, l3, and umust be incrementally increased to determine P and Dl
for each of those values. A pullout curve based on these expressions will be used to validate the ﬁnite element model of the
stick–slip interface.
4. Finite element modeling of discrete crack bridging
In this paper, a two dimensional problem is considered. A slender specimen with a center crack in tension is considered as
shown in Fig. 11. For this geometry the crack is in pure Mode I loading. The matrix material is assumed to be brittle and the
yielding zone at the crack tip is assumed to be very small compared to the length of the crack; therefore Linear Elastic Frac-
ture Mechanics (LEFM) assumptions apply. All length scales in this paper will be deﬁned in terms of the half crack length a.
For the specimen shown in Fig. 11, the half width of the specimen is 4011 a and the half height is
120
11 a. An empirical solution for
the SIF of this test specimen is known and can be found in Tada et al. (2000). In the numerical model only the right half of this
specimen is modeled. Symmetry boundary conditions are placed along the vertical center line shown in Fig. 11. The matrix
material is modeled with standard four-noded quad elements in plane strain. The crack is modeled using the eXtended Finite
Element Method (XFEM). In this method elements which are intersected by the crack are enriched with the Heaviside func-
tion and the elements near the crack tip are enriched with the crack tip functions which can exactly reproduce the displace-
ment ﬁelds for a linear elastic crack tip. The details of this method are given in Prevost and Sukumar (2003).
The far ﬁeld loading, rfar, is incrementally increased in a displacement controlled loading method. The SIF is calculated
using a domain integral method (Belytschko and Black, 1999). The radius of the domain integral used is 1.5 times the ele-
ment height. This radius must be small enough to ensure that any platelets used to bridge the crack do not intersect the
domain of the domain integral. Since the unbrided system is linear, the SIF is linearly proportional to rfar and the SIF need
only be checked under one arbitrary load. The SIF is found to be within 2.5% error compared to the asymptotic approximation
by Koiter found in Tada et al. (2000). The unbridged SIF, KI0, is used later to compare the improvements of bridging the crack
with both the perfectly bonded interface as well as the stick–slip interface.
4.1. Finite element implementation of perfectly bonded interface
The specimen geometry described in the previous section is modeled with a platelet bridging the crack. The platelet of
length 1811 a is placed a distance of
5
11 a behind the crack tip. Because symmetry conditions are imposed the total crack is actu-
ally bridged by two platelets. The mesh near the crack tip is shown in Fig. 12. If the platelet is very thin it may be modeled by
standard truss elements. Thicker platelets in which bending stiffness becomes important may be modeled by beam ele-
ments. In this paper, all platelets are considered to have negligible bending stiffness and are modeled with truss elements.
The platelet is composed of several truss elements. Each truss spans the length of one continuum element. Its nodes and
degrees of freedom are the same as those of the continuum elements. In this way, the platelets are perfectly bonded to
the matrix material.Fig. 10. Typical pullout curve.
Fig. 11. Geometry of crack bridging model.
Fig. 12. Mesh near crack tip.
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single platelet pullout problem. As stated earlier, the perfectly bonded case is equal to the stick–slip interface if j and smax
approach inﬁnity. For the perfectly bonded case Q can indicate where the highest stresses will be observed along the platelet,
at the embedded end or free end. Am per unit thickness for both cases can be estimated as the area of one face of the crack
half width, a, while Ap per unit thickness was set to approximately 0.02a2 giving AmAp  50. Two perfectly bonded composite
systems were modeled. In the ﬁrst system EmEp ¼ 0:01 giving Q  1.5. This ratio of Young’s moduli is in a range similar to exfo-
liated polymer/clay composites (Sheng et al., 2004). In the second system EmEp ¼ 0:5 giving Q  26. This ratio of Young’s moduli
is similar to those of ﬁbers used in ECCs (Kanda and Li, 2006).
Since the perfectly bonded systems are still linear, the SIF is still proportional to rfar and need only be measured at one
load step. Since the perfectly bonded systems are linear, the stress ﬁelds only change in magnitude from one load step to the
Fig. 13. Maximum principal stress distribution for platelet bridging a crack tip with a perfectly bonded interface, Q  1.5. Note the stress concentrations at
the ends of the platelets (left). Stress in each segment of one half of the platelet (right).
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half of the platelet, rp. As expected the highest principal stress is observed at the embedded ends of the platelet. These stres-
ses are higher than those at the crack tip. For this system the high stresses at the embedded ends may be of concern. These
stress concentrations could lead to fracture and plug pullout. This situation is exacerbated as the volume fraction of platelets
is increased. Consider a case of the same composite system but with an added platelet for each crack tip. This reduces AmAp  25
leading to Q  1.25. The largest principal stress contours for this case can be seen from Fig. 14. In this case, the stress con-
centrations are no longer isolated; instead a large swath of high stresses forms near the embedded ends of the platelets.
Fig. 15 gives the principal stress contours along with the stress distribution for one half of the platelet for the second sys-
tem, Q  26. In this system the highest stresses are observed at the crack tip, meaning for the case where Q > 2 plug pullout is
not expected.
This overlaying truss representation of the platelet will only be valid when the volume fraction of the platelets is small
and the aspect ratio, length to thickness, of the platelet is large. If the volume of the platelets is signiﬁcant compared to that
of the matrix there will be an excess of matrix material as it is not removed in place of the platelet. A proper way to model
this in higher volume fractions would be to use continuum elements for the platelets. This model is also limited to pure
Mode I loading as it does not appropriately account for mechanisms other than interface debonding and frictional sliding.
In this paper we limit our studies to very thin platelets.
4.2. Finite element implementation of stick–slip interface
The implementation of this stick–slip interface into a FE framework will now be discussed. Similar to the case of the per-
fectly bonded interface, the platelets will be modeled by linear truss elements and the matrix by linear elastic four noded
quads in plane strain. Unlike the perfectly bonded case, the truss elements are connected to the quad nodes via nodal links.
A nodal link is a ﬁnite element that connects two nodes by a prescribed force-displacement relationship. The force-displace-
ment relationship of the nodal links on the interior of the platelet for the stick–slip interface is shown in Fig. 16. As shown in
Fig. 16, after some slip distance the force in the link must become zero. For end nodes all values of Dx in Fig. 16 would be
replaced by D x/2. These nodal links discretize the shear stress versus slip relationship shown in Fig. 2. This force-displace-
ment relationship only applies to displacements along the axis of the platelet. Any displacements perpendicular to the axis of
the platelets are exactly the same as the corresponding matrix nodes. Since the force in the nodal links is described by a mul-
ti-linear function of the displacement, the displacements of the quads and trusses must now be solved by an iterative
scheme. At test problem for pullout of a platelet attached to a matrix with a stick–slip interface was implemented. The
resulting pullout curve was found to converge to the analytical pullout described in Section 3 as the mesh was reﬁned.
Having detailed the scheme for modeling a stick–slip interface in a FE framework we now return to the crack bridging
problem. The specimen shown in Fig. 11 is again bridged with a platelet of length 1811 a, again at a distance of
5
11 a behind
the crack tip and the same mesh shown in Fig. 12 has been used. In this case the platelets are connected to the matrix
via the stick–slip interface. The perfectly bonded case of Q  1.5 showed large stress concentrations near the ends of the
platelet; it is this case that will be examined now with the stick–slip interface.
For Q  1.5 the slip zone and platelet slip will initiate from the embedded ends of the platelet. While the speciﬁc values of
j, smax, and sf do not signiﬁcantly effect the shape of the stress distributions, they will determine under what loads the plate-
let interface will fail. For this example problem, which is used for qualitative analysis only, they were simply chosen in con-
Fig. 14. Maximum principal stress distribution for two platelets bridging a crack tip with a perfectly bonded interface, Q  1.25.
Fig. 15. Maximum principal stress distribution for platelet bridging a crack tip with a perfectly bonded interface, Q  26 (left). Stress in each segment of one
half of the platelet (right).
Fig. 16. Force-displacement relationship of nodal link on interior of platelet.
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The load rfar is incrementally increased. The SIF at the crack tip is measured at each loading and stress distributions are ob-
served at several different loadings. These results will be discussed in the next section.
Fig. 17. Normalized Mode I bridged SIF as the far ﬁeld tensile stress is increased for both the perfectly bonded and stick–slip bonded platelets, Q  1.5.
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In Linear Elastic Fracture Mechanics (LEFM), under pure Mode I loading, the main driving force of crack growth is the SIF.
In the geometry described in Fig. 11 the crack is loaded in mode I. A result of bridging the crack, with both perfectly bonded
platelets and platelets with a stick–slip interface, the Mode I SIF, KI, is reduced signiﬁcantly. However, as the loading is
increased for the stick–slip interface case, the platelet begins to slip and the SIF increases. Eventually, the platelet slips com-
pletely out of the matrix and the SIF is equal to that of an unbridged crack. Fig. 17 shows KI of the bridged crack with two
different interfaces as a fraction of, KI0, as the far ﬁeld load is incrementally increased for the case of Q  1.5. The perfectly
bonded bridging achieves a constant decrease in KI. The stick–slip interface achieves a smaller decrease in KI when the inter-
face is fully stuck in the ﬁrst load step. As the loading is increased, the embedded ends slip ﬁrst followed by the rest and the
platelet. KI eventually reaches the unbridged value. Fig. 18 shows how the largest principal stress at the embedded ends of
the platelet, r1, changes for both interfaces as the far ﬁeld loading increases, for the case of Q  1.5. It is seen that the in the
perfectly bonded case these principal stress remains large while in the stick–slip case these stresses decrease as the platelet
slips.
Figs. 13 and 14 indicate that the crack tip is well shielded from stress increase under the perfectly bonded bridging cases
when Q < 2. It is likely that the crack will not grow, however new cracks may form at the highly stressed regions at the ends
of the platelets. As Fig. 14 demonstrates, this problem may be exacerbated in situations where several platelet ends are near
each other. This is the cause of plug pullout phenomenon; a phenomenon which essentially eliminates any advantagesFig. 18. Normalized largest principal stress at the embedded end of the platelet as the far ﬁeld tensile stress is increased for both the perfectly bonded and
stick–slip bonded platelets, Q  1.5.
Fig. 19. Maximum principal stress contours for a crack bridged by a platelet with a stick–slip interface (left). Stresses in each segment of the platelet and the
interface for one half of the platelet (right). Letters correspond to loading steps in Figs. 17 and 18. At load step C the stresses in the platelet and interface are
zero.
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segment of one half of the platelet, rp, and stick–slip interface, s(x), are shown in Fig. 19. The different distributions corre-
spond to the loadings labeled with the letters A–C in Figs. 17 and 18. From these stress contour evolutions it can be seen that
under small loads the crack tip is shielded well from stress. Also, there is a slight increase in stresses in the matrix near the
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greatest stress concentration. As the load is increased the platelets slip eliminating stress increases near the ends of the
platelets while shielding the crack tip less. Although no crack growth law was built into this numerical model, it is easy
to predict that at some load KI at the crack tip would become greater than the material could resist and the crack would grow
from the crack tip. Consider a composite with discontinuous ﬁbers randomly distributed throughout it; as the crack grows it
would approach more ﬁbers bridging it. The crack would repeatedly be shielded and then grow after each successive ﬁber
slips.
6. Conclusions
In this paper, two types of interfaces for platelets bridging a crack were introduced, a perfectly bonded interface and a
stick–slip interface. To validate the stick–slip interface a shear-lag model was developed. Both of these interfaces were mod-
eled in FE and tested on a center crack in tension specimen in which the crack was bridged by two platelets. These FE and
shear-lag models apply only for planar problems in which the ratio of the length to width of the platelets is very large and
the crack is under Mode I loading only. For a case where Q was estimated to be less than two comparisons were made
between the two types of interfaces for: KI, r1, and the distributions of the largest principal stress. It was found that the
perfectly bonded interface reduces KI more but also introduces stress concentrations at the ends of the platelets.
The introduction of stress concentrations at the embedded ends of the platelets is undesirable since several platelets or
ﬁbers close together could initiate a new crack. This may lead to plug pullout phenomenon under higher loads. Plug pullout
can be avoided by reducing the stress concentrations at the ends of the ﬁbers. An imperfect interface between the ﬁber and
the composite, such as the stick–slip interface discussed in this paper, can reduce these concentrations.
The stick–slip interface described in this paper is an idealized behavior of a real interface between a ﬁber and the matrix
material which can be described by the three parameters j, smax, sf. The stick–slip interface can be tailored to reduce KI,
though not as much as the perfectly bonded case, while making sure that any new stress concentrations at the platelet ends
are small compared to the stress at the crack tip. The platelet slips before the stresses in the matrix at the platelet ends be-
come signiﬁcant.
In real composite systems the interfaces may behave differently than the two idealized interface types explored in this
paper; however, the same interface design concepts will apply. Interfaces that are very strong compared to the matrix should
be avoided in situations where stress concentrations form at the embedded ends, most likely composites with high concen-
trations of stiff ﬁbers in a soft matrix. It is important to tailor the interface so that the ﬁber begins to slip before the stresses
in the surrounding matrix become large enough to induce plug pullout. Once the ﬁber begins to slip the interface must pro-
vide enough resistance through the slip to slow down the crack growth and transfer stresses elsewhere in the material in
order to achieve distributed deformation through microcracking.
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Appendix I. (in order of appearance)
S(x) local slip in interface
s(x) local shear stress in interface
x distance from embedded end of platelet
dp(x) displacement of platelet at point x
dm(x) displacement of matrix at point x
j bond modulus
smax maximum shear stress of bonded interface
sf frictional shear stress
Am cross-sectional area of matrix
w width of pullout specimen
l undeformed length of platelet
t thickness of platelet
Ap cross-sectional area of platelet
w perimeter per unit length of platelet
P applied load
Dl free end displacement of platelet relative to matrix
F(x) local force in platelet
Q, K, k dimensionless material parameters
Ep Young’s modulus of platelet
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A0, B0, A1, B1, A2, B2 coefﬁcients of force distribution functions
Pcrit load at which slip zone is initiated
l1 length of slip zone from free end of platelet
Fb(x) force in stick zone of platelet
Ff1 ðxÞ force in slip zone at free end of platelet
Sab change in slip accumulated along segment of interface from a to b
ep(x) local strain in platelet
em(x) local strain in matrix
l2 length of slip zone from embedded end of platelet
Ff2 ðxÞ force in slip zone at embedded end of platelet
l3 length of stick zone of two way slip interface
ld total length of slip zone of interface
D0 total end slip of platelet accumulated at onset of dynamic full slip
u additional dynamic slip beyond D0
a crack half length
rfar far ﬁeld loading on center crack in tension specimen
KI0 unbridged Mode I Stress Intensity Factor
rp stress in the platelet
Dx length of interface for one nodal link
KI Mode I Stress Intensity Factor
r1 largest principal stress at embedded end of platelet
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